MAT8103 Ordinary Differential Equations

Expansion of Functions in Series
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Expansion of Functions in Series

Expansion of Functions in Series

Infinite Series

A sequence {a,} consists of an ordered family of real numbers a,, one for eachn € N. Thus a
sequence looks like a4,a,, ..., a,, @ptq, - The number a, is called the n-th term of the
sequence.

Example 1. Find the first four terms of the sequences below.
a) (2"} =

(o]
b) {L}
n+1l)p=1
o) {(-D"}=e
If {a,}n=q is a sequence, then )", a, denotes the infinite sum: a; + a, + az + -+ How can
we add (sum) an infinite number of numbers? We can’t!l But we can always find the sum of the
finite number of numbers (partial sum). If we write the partial sum as S,, then §, =

k=1 =0ay+ a, + az + -+ a,. This creates another sequence S, S;,S,, ..., and if this
sequence converges (ie. lim S, = S), then
n—-oo

In this case, we say the series has a finite sum S and is said to be convergent, if the sequence of
the partial sums is divergent, then the series is said to be divergent.

Example 2. Do the following series converge or diverge?

(a) Biy =

(b) X5z 3"

(€) Y= (D"
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Geometric Series
Fix a number a # 0. Build a sequence by multiplying the previous term with r (a fixed

number) and starting with a. We get a, ar, ar?,ar3, ... = {ar™};-,. What does the partial
sum equal?
i ar™ = ¢
T 1-r
n=0
ONLY if || < 1.

Example 3. Do the following series converge or diverge? If they converge, find the sum.

1
Yn=05n

ZOO 3n+1
n=0 7n

Z%’:O 24n3—n

S~ 1" o
n=0 5n+2

2n
T o(— 12
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Power series

Power series centered at zero
Power series are of the form

0

ZC X" =cy+ Ccyx 4 Cox? 4 cax3 + -
n — Lo 1 2 3

n=0

The convergence of the power series may depend on the value of x and the coefficients c,,.

Interval of convergence: Those values of x for which the series converges (always include 0).

Power series define a function whose domain is the set of x for which it converges.
Recall: Geometric series: If for all n, ¢,, = 1, then we have

Z;‘l"zox"=1+x+x2+x3+---=ﬁ for|x| < 1,

and diverges for |x| > 1.

Maclaurin series

Maclaurin series centeredat x = 0

On its interval of convergence, a power series ),;_,C,X" represents a function.

representation is unique for a given center. If
[ee]

f(x) = Z CaX™ = Co + C1X + €3x% + c3x3 + cuxt + -

n=0

Then
f(x) =c1 +2c3x + 3¢3x% + 4cyx3 + -
f'(x) =1-2¢c; +2-3c3x+ 3 4cyx® + -
f"(x)=1-2-3¢c3+2-3 - 4cyx+ -
fPX)=1-2-3 -4c4 + -

" 3) m
Soifweletcy = f(0), ¢; = f'(0), ¢, = ! 2(0), C3 = fT(O), v, Cp = ! n'(o), then
Fo = e = S LD
n=0 = "

This
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Maclaurin Series

If a = 0 (center is at 0), then we have

(n) "o (n)o
f<x>—2f .() — £(0) + £/ (0)x +f() 2 4oy ] n!()x"

n=0

This is a Maclaurin Series of f(x).

Example 5. Find the first three nonzero terms of the Maclaurin series expansion of the function

f(x) = sin(x)

Some special Maclaurin series

Here is a list of functions whose Maclaurin series are sufficiently regular:
: y RS S
e* = —= X+ —=—+—=
2 3!

2n+1
S‘“"—Z(‘ )"@ o S Tmte ot

2n xz x

Cosxzz(_ "ttt
n=0

= Z x"=1+x+x*+x3+x*+ - (geometric series)

n=0

1
1—x

n+1 x2 x x4

— —_1\n S B T
In(1 + x) Z)( D=k -t
n=
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Operations with Series

We have currently worked with the idea that a power series Y5, c,x™ defines a function on its
interval of convergence. Now let’'s look at this from another side:
ie. Given a function f(x), is there a power series representation for it?

4
Example 7. Consider the function f(x) = i What can we say about g(x) = 1x—_x?

Example 8. Find the Maclaurin series of e** and x2e* (without having to compute all the
derivatives).

Example 9. Write the Maclaurin series expansion for the following functions. Only include the
first three nonzero terms.

a) x cos x
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b) sin(x?)

C) xze—3x

d) 3xIn(1 — 2x)

Differentiation and Integration of Power Series
If a power series Yoo ¢, X™ has a radius of convergence R > 0 and if

o)

fx)=co+cx+cx?+cgxd+ - = Z Cpx™.
n=0
Then
(@) f'(x) = ¢y + 2¢c,x + 3c3x? + -

= Z ne,x™ 1

n=0

(b) [ f(x)dx = ¢ + cox +%C1x2 +§C2x3 + o

[o9)

an+1
g
n+1

n=0
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Example 10.

(a) State the Maclaurin series of e** . Include the first three nonzero terms.

(b) Using part (a), calculate [ e**dx and fol e* dx.

Example 11. Find the Maclaurin series for cos x? and fol cos(x?) dx.
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Computations by Use of Series Expansions

Power series can also be used to compute numerical values of functions. By including sufficient
terms, we can calculate a value to a certain degree of accuracy. These are approximations and
the more terms you keep, the better your approximation. Through these calculations, decimal
approximations of e and  can be calculated and programed into a calculator or computer.

Example 12. Calculate the value of %2, Use the first three terms of a Maclaurin series of e* to
evaluate it, and then compare this result with the actual value. Then do it again keeping the
first 4 terms (and then 5 terms and 6 terms) of the Maclaurin series and compare it with the
actual value. What do you notice?

Example 13. Write the first 3 nonzero terms of the Maclaurin series of sin(2x) then calculate

the value of sin (2?”) Compare this answer to the actual value.
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Introduction to Fourier Series

Many problems encountered in various fields of science and technology involve periodic
functions (examples are alternating-current voltages and mechanical oscillations). Recall that a
periodic function with period P has the property f(x + P) = f(x). We will now look at series
made up of terms of sines and cosines.

Fourier of Sines and Cosines: Period = 21
First, we will assume that a function f(x) may be represented by a series of sines and cosines

f(x) = ay + ay cosx + a, cos 2x + --- + a, cosnx + -
+ by sinx + b, sin2x + -+ + b, sinnx + --- (1)

Even though some of the individual trigonometric terms have period less than 2w (example
cos 2x has period ), all terms repeat every 2m units. This series is called a Fourier series.

The goal is to find the coefficients a,, and b,,. We can find them by multiplying all the terms of
f(x) by cos mx and then using certain properties of integrals from — to 7 (taking advantage of
the period 2m). We have

f_nnf(x) cosmx dx = ffn(ao + a, cosx + a, cos 2x + +- + a,, cosnx + -+ )(cosmx)dx
+ f_nn(bl sinx + b, sin 2x + -+ + b, sinnx + ---)(cos mx)dx 2

Using integration techniques, we can find the values of the coefficients. For a, (where n #
m),we get
Qo

i _ Qo . T _ % o _ .
J_, agcosmxdx = —sinmx|Z; =—2(0-0)=0

T

T cos(nx + mx) + cos(nx — mx)
@, COS nx cosmx dx = a,
o . 2

a, [sin(nx + mx) N sin(nx — mx)

T

=0 m=#*m)

2 n+m n—-m
-1

All these values are equal to zero since the sine of any multiple of 7 is zero.
If we consider when n = m, we have

T T 5 T (cos2x+1) a, [sin 2x
a, cosnx cosnx dx = a, cos“nxdx = ap—— dx = — X
-1 -1 —TT

2 2

=2[(0+m) — (0 -m)] = ma, 3)

10
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For b,, (where n # m), we get
s

T ] sin(nx + mx) + sin(nx — mx)
b, sinnx cosmx dx = b,
—TT

2
b, [cos(nx + mx) cosn(nx —mx)]|"
-T2 n+m + n—m ~
b, [(cos(n+m)r cos(n —m)m cos(n + m)(—m) cos(n —m)(—m)
:_7l< n+m + n—m >_< n+m + n—m )l

=0
since cos(—6) = cos 6. Now if we consider n = m, we have
sin(2nx) + sin(0 ™bh
(2nx) © dx =f = sin(2nx) dx
2 x 2

"_bn[ll

s Vs
f b, sinnx cosnx dx = f b,
-1 -7

by [cos an]
2 2n

—+—|=0

2n 2n

. 2

We have that all the integrals equal zero except for the case of a, when n = m. Using this
information in our original integral and using equation 3, we have

s s
f @, COSNx cosnx dx = f f(x) cosnx dx = ma,
—TT -1

where the first inequality if true since all terms in the integral containing f (x) cos(nx) are equal
to zero other than when n = m for a,,. In detail, we have

s V3
f f(x) cosnxdx = f (&g + a,cosx + a, cos 2x + -+ a, cosnx + ---)(cosnx)dx
—TT 7_[7'[
+] (brsinx+-bysin2x 4+t bosinnx 4+ eosnxydx
-1
s s
= j (a,, cosnx)(cosnx)dx = f a, cos’nx dx = a,m
-1 —TT

Since a, 7 = f_nnf(x) cosnx dx, we have that

1 s
a, = ;j f(x) cosnx dx
-1

11
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This equation allows us to find all values of a,, in our Fourier series other than a,y. To find ay,
we use equation (1) and integrate from —m to . All the terms with sines and cosines are equal to
zero since sinnm = 0 and cos(—nm) = — cos nm so they all cancel out other than a,. We get

f f(x)dx = f apdx = ay[x]|™; = ay(m + ) = 2ma,.
- -
And so

1 s
ap = Ef_nf(x)dx

Similarly, we can multiply equation (1) by sin mx and then integrate from —m to 7 to solve for
b,. We get

1 Vs
b, = —f f(x)sinnx dx
TJ g

In summary:

Fourier series (Period 2m)
f(x) =ay+a,cosx +a,cos2x + -+ a, cosnx + -

+ by sinx + b, sin2x + ---+ b, sinnx + - 4)
with

1 s
ap = Ef_nf(x)dx
a, = %j:f(x) cos(nx) dx

b, = %j:f(x) sin(nx) dx

12
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Example 16. Find the Fourier series for the square wave function
f(x)—{_l’ —T<x<0
L1, 0<x<m

a. Find the missing Fourier coefficients. Give your answers either in exact form or
rounded to 1 decimal place.

ao a; a, as Ay by b, bs by

0 0 0 0

b. Use the Fourier coefficients found in (a) to write the corresponding Fourier
series.

13
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More About Fourier Series

The effort used to evaluate the definite integrals that define the coefficients a, a,, and b,, in the
expansion of a function f in a Fourier series is significantly reduced when f is either an even or
an odd function.

Even and Odd Functions
A function f is said to be

evenif f(—x) = f(x) and oddif f(—x) = —f(x)
On a symmetric interval such as (—p, p), the graph of an even function is symmetric with

respect to the y — axis, whereas the graph of an odd function is symmetric with respect to the
origin. For example,
f(x) = x? iseven since f(—x) = (—x)? = x% = f(x)
f(x) = x3 is odd since f(—x) = (—x)3 = —x3 = —f(x)

See Figures 1 and 2.

\ | T |
'”_"-'}\ F) Ir.l._“_.:/r J/'T [ ]-l_
' X /r

L T

|

Figure 1: Even function; graph Figure 2: Odd function; graph
symmetric with y-axis symmetric with respect to the origin

The trigonometric cosine and sine functions are even and odd, respectively, since
cos(—x) = cosx and sin(—x) = —sinx.

The exponential functions f(x) = e* and f(x) = e™* are neither odd nor even.

Properties of Even/0Odd functions
1. The product of two even functions is even.
2. The product of two odd functions is even.
3. The product of an even and an odd function is odd.
4. The sum (difference) of two even functions is even.
5. The sum (difference) of two odd functions is odd.
6. If f is even, then f_aaf(x)dx =2 foaf(x)dx.

7.1f fisodd, then f_aaf(x)dx = 0.

14
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Therefore, if f is an even function on (—m, ), the integrand from equation (4) is odd, and the
coefficients of a Fourier series give b,, = 0. If f is an odd function on (—m, ), the integrand
from equation (4) is odd, and the coefficients of a Fourier series give a,, = 0.

Fourier Series with Period 2L
If f is a function on (=L, L), since sinnL—" (x + 2L) = sinn ("L—x + Zn) = sin%, the

coefficients of a Fourier series

X 2Tx nmx
f(x) =ay+a, cosT+ a, cosT +-+a, COST+
+blsin”Tx+bzsin2%x+---+bnsinnLLx+--- (5)

are

1 L
a0 =357 | fedx
_1fL ) nnxd
a"_L _fo cos L X

. _1.[" ey
n=7 _Lf(x)sm 7 dx

If fis an even function on (—L,L), then using the properties of even/odd functions, the

coefficients of a Fourier series are

1 (L 1t
a0 =57 | reode=; | reodr

1 (t nmx 2 (Lt nmx
a":Zf f(x)cosdezzf f(x)cosde,
-L 0

because f(x COSﬂ is even
( D

. _1j‘L LT
n=7 _Lf(x)sm [ dx =

because f(x) sinnLLx is odd

15
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Similarly, when f is odd on the interval (=L, L),

a, =0, n=012,.. j f(x) sm—dx

We summarize the results in the following definition.

Fourier Cosine and Sine Series
(i) The Fourier series of an even function f defined on the interval (—L, L) is the cosine

series
X 21X nmx nmx
f(x) =ay+a, cosT+ @ COS—— +-+a, cosT+ e=ay + Z (n COS——
1 L
where a, = —f f(x)dx
LJ,
2 fL nx
=7 0f(x)cos L X
(ii) The Fourier series of an odd function f defined on the interval (—L, L) is the sine
series
x) = b fbysinaE gt b sin T 4 mb'"”x
fx) = 151nL 5 sin L sin L 1 n Sin L
n=

2 (L nmx
where b, = Zf f(x) sianx
0

16
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Example 17. Find the Fourier series for the square wave function

(-3, —2<x<0
f(x)—{ 3, 0<x<?2
a. Sketch the graph. Is this an odd or even function?
b. Find the missing Fourier coefficients. Give your answers either in exact form
or rounded to 1 decimal place.

ao a; a, as ay by b, bs by

0 0 0 0 0

c. Use the Fourier coefficients found in (b) to write the corresponding Fourier
series.

17
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Example 18. Find the Fourier series for the function

3

A IR

-2 —-n<x

=2

)
|
IA
|

—TT
2 —_

A
2 =%=73
a. Sketch the graph. Is this an odd or even function?

A o

<x<m

b. Find the missing Fourier coefficients. Give your answers either in exact form

or rounded to 1 decimal place.
a, a, a, as a, b, b, bs b,
0 0 0 0 0

c. Use the Fourier coefficients found in (b) to write the corresponding Fourier
series.
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Answers to Examples

1.2)1,2,4,8,16,32, ...
2. a) series converges

12 3 4
)25
b) series diverges

c)—1,+1,-1,+1,—-1,+1, ...
c) series diverges
c) series diverges

. 3 . 21
3. a) series converges to 3 b) series converges to -

. 1
d) series converges to — =

3 5
4.sin(x)=x—x—+x——---
6 ' 120
509(0) =x*+x>+x+x7 + -
4 5
6.xzex=x2+x3+%+%+---
3 5

e) series diverges

10

X X X

6
7.a)xXCOSX =X ——+—— b) sin(x?) = x? — = +—— ...
2 24 6 ' 120
2,-3% _ .2 3, ot 27x° _ 3 4
c)x“e™* =x°—3x t T d) 3xIn(1 — 2x) = —6x — 6x° — 8x* — -+
2 3
e)s_"=5_"_5L+5L+...
3+x 3 9 27
2 x*
B.a)e™ =1+x+—+--
3 5
b)fexzdx=x+x?+:—o+--- fole"z dx = 1.433
2y XX 1 2y dy =
9.cos(x*) =1-=—+= J, cos(x*)dx = 0.9
10.
3 terms 0.22
e%2 ~14+0.2 +T =1.22
4 terms 02 0.22 0.23
e’ =1+4+0.2 +T+T= 1.2213333
5 terms 02 1+02+0'22+0'23+0' 4 12214
e T T Te T T
6 terms 02 ~1+0.2+ 0.2 + 0.2 + 0.2% + 0.2 _ 1.221402667
e T T TT2a T120
11. sinz?” ~ 0.95201707
12. a)
Ao a; a, as Ay by b, bs b,
0 0 0 0 0 f 0 4 0
T 3n
b) f(x) = %sinx +%sin3x + -
13. a) Function is odd
b)
L) a, a, as Ay by b, bs by
0 0 0 0 0 12 0 4 0
T T
¢) f(x) = %sinx +%sin 3x+ -
14. a) Function is even
b)
L) a a, as Ay by b, bs by
0 8 0 8 0 0 0 0 0
T 3

¢) f(x) =%cosx—%cos3x+%c055x—

19
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